We work out the splitting type of the locally free sheaf Ψ * f T Mg , g ≥ 7, where Ψ f is the modular morphism associated to a fibration f : X → P 1 whose general fibre is a general curve in K g , the locus of smooth curves of genus g lying on a K3 surface. We show that this splitting type encodes the fundamental geometrical informations attached to Mukai's projection map P g → K g . Moreover we work out conditions on a fibration f to induce a modular morphism Ψ f such that the normal sheaf N Ψ f is locally free.
Introduction
The theory of rational curves on algebraic varieties has played a fundamental role in algebraic geometry in the last decades. This has been mainly motivated by the importance of rational curves in the framework of Minimal Model Program and of the study of higher dimensional algebraic varieties. More generally, the existence and the "number" of rational curves on a variety X provides a rough measure of the complexity of X. For example the uniruledness of X, i.e. the fact that there is a rational curve passing through a general point of X, implies that X has negative Kodaira dimension. The converse is the claim of a famous conjecture. If X is not uniruled, one can consider the subvariety of X spanned by rational curves and study its geometry. Let X be a complex projective variety of dimension n and let g : P 1 → X be a morphism whose image is contained in the smooth locus of X. The sheaf g * T X is a locally free sheaf of rank n over P 1 , which splits into a direct sum of line bundles by the so-called "Grothendieck's theorem". Let g * T X ∼ = ⊕ n i=1 O P 1 (a i ). The n-tuple (a 1 , ..., a n ), which we will call the splitting type of g * T X , provides informations concerning the deformations of the morphism g.
If a i ≥ r for a nonnegative integer r and all i = 1, ..., n, the morphism g is said to be r-free. If g is r-free, then there is a deformation of g whose image contains r + 1 general points of the variety X. In particular the existence of a 0-free (1-free) morphism to X yields the uniruledness (rationally connectedness) of X itself. 0-free morphisms are also called free. A remarkable property is that, for a general deformation g of g, the splitting type of g * T X is independent on g, a fact which will allow us to consider the splitting type associated to a fibration which is general among those considered. Let now X be a nonsingular projective surface and B a nonsingular projective connected curve. A non-isotrivial fibration f : X → B induces a nonconstant modular map Ψ f : B → M g , where M g is the coarse moduli space of stable curves of genus g. In the first part of the article we work out conditions on f such that the normal sheaf N Ψ f , which is defined as the cokernel of the map of sheaves 0 → T B → Ext 1 f (Ω 1 X/B , O X ), is locally free. The main statement is the following Proposition 1.1. Let f be a non-isotrivial fibration with reduced fibres and such that h 0 (T X |F ) = 0 for all smooth fibres of f . Then N Ψ f is locally free.
In the second part of the article we introduce K3-type fibrations i.e. fibrations f defined by a linear pencil Λ ⊂ |L|, where L is an ample primitive line bundle on a smooth K3 surface. Let P g be the stack parameterizing pairs (S, C) such that (S, L) is a smooth primitively polarized K3 surface of genus g and C ∈ |L| is an irreducible smooth or nodal curve. One can consider the obvious (dominant) morphism c g : P g → K g , where K g ⊂ M g is the closure in M g of the substack K g ⊂ M g parameterizing curves lying on a K3 surface. Our main result is the following Theorem 1.2. Let f be a general K3-type fibration of genus g ≥ 7. Then
which can be stated also in its "geometrically interpreted" version Theorem 1.3. Let f be a general K3-type fibration of genus g ≥ 7, let a g be the dimension of the general fibre of the morphism c g , and b g the codimension of K g in M g . Then
The assumptions in Proposition 1.1 are satisfied by a general K3-type fibration, hence N Ψ f is locally free in that case. Theorem 1.2 and the property
yield the splitting type of N Ψ f as well.
2 Background material
Basic facts about deformation theory
In this subsection we follow the treatment in [30] . By a scheme (or k-scheme) we mean a locally noetherian separated scheme over an algebraically closed field k. Let f : X → Y be a morphism of algebraic k-schemes, let A be the category of local artinian k-algebras with residue field k. A functor of Artin rings is defined to be a covariant functor F : A → Sets.
The following functors of Artin rings will be considered in the sequel (see [30] , pp. 162 and 164):
-Def X (resp. Def ′ X ), the functor of deformations (resp. locally trivial deformations) of X; -Def f (resp. Def ′ f ), the functor of deformations (resp. locally trivial deformations) of f ; -Def f /Y (resp. Def ′ f /Y ), the functor of deformations (resp. locally trivial deformations) of f leaving the target fixed;
If F is one of the functors above and A ∈ Ob(A), F(A) will be the set of isomorphisms classes of deformations (or locally trivial deformations) of the respective data over A. If A = k[ǫ] (the ring of the dual numbers), the deformation will be called first order, if A ∈ Ob(A) it will be called infinitesimal.
Remark 2.1. If Y is rigid as an abstract scheme (in the sequel the case Y ∼ = P 1 will be extensively considered) then the functor Def f /Y coincides with Def f . If X is nonsingular then each of the functors Def above coincides with the corresponding functor Def ′ .
Let X be a k-scheme, let A ∈ Ob(A), λ 0 ∈ Pic(X), λ ∈ Pic(X × Spec(A)) and let λ ⊗ A k be the pull-back of λ under the morphism A → k. It is possible to give a functor of Artin rings P λ 0 by defining
. The elements of P λ 0 (A) are the isomorphisms classes of deformations of L over A.
Proposition 2.3 ([30]
, Proposition 1.2.9). Let X be an algebraic variety. There is an isomorphism:
called the Kodaira-Spencer correspondence.
In particular, if X is nonsingular there is an isomorphism:
Definition 2.4. For every locally trivial first order deformation ξ of an algebraic variety X, the cohomology class k(ξ) ∈ H 1 (T X ) is called the Kodaira-Spencer class of ξ.
Let S be an algebraic scheme and let ξ : X → S be a family of deformations of a nonsingular variety X. Using the 1-1 correspondence between vectors in T s S and morphisms Spec(k[ǫ]) → S with image s, one can define a linear map
by sending a vector v to the Kodaira-Spencer class of the first order deformation obtained by pulling back ξ by the morphism corresponding to v. κ ξ (s) is called the Kodaira-Spencer map of the family ξ at s. A Kodaira-Spencer map can be defined in a more general way for reduced schemes:
, Theorem 2.4.1 (iv)). Let X be a reduced algebraic scheme.
There is an isomorphism:
Remark 2.6. The isomorphism of Proposition 2.5 is defined in the following way. Let ξ : X → Spec(k[ǫ]) be a first order deformation of X. The conormal sequence of
is exact and yields an element of Ext
Define this element as k(ξ). Given an infinitesimal deformation η : X → Spec(A) of X one has a Kodaira-Spencer map κ η :
which associates to a tangent vector v ∈ t A the conormal sequence (1) of the pullback of η to Spec(k[ǫ]) defined by v.
Notation as above, a case we are interested in is when f : X → Y is a closed embedding. Moreover there is a short exact sequence
Deforming the embedding j coincides with deforming the pair (Y, X), thus the functor Def 
is smooth (see [30] , Definition 2.4.4).
Our definition of stability implies that every infinitesimal locally trivial deformation of Y is induced by a locally trivial deformation of j. Let E = ǫ −1 (γ) ⊂ X be the exceptional divisor. Then h i (E, N E/X ) = 0 for all i. This means that E is a stable subvariety of X. This is remarkable because γ has not been required to be stable in Y .
Rational curves on varieties
The references for this subsection are the books of Debarre ([12] ) and Kollár ([23] ). Let X be a quasi-projective variety and Y be a projective variety defined over a field k. There exists a locally noetherian k-scheme Mor(Y, X) parameterizing morphisms from Y to X (see [16] , 4.c). This scheme will have in general countably many components.
Proposition 2.11 ([12] , Proposition 2.4). Notation as above, let f : Y → X be a morphism, and let [f ] be the corresponding point in Mor(Y, X). One has
In particular, if X is smooth along the image of f one has
Theorem 2.12 ( [12] , Theorem 2.6). Notation as above, let f : Y → X be a morphism such that X is smooth along the image of f . Locally around [f ], the scheme Mor(Y, X) can be defined by h 1 (Y, f * T X ) equations in a smooth scheme of dimension h 0 (Y, f * T X ). In particular:
Let now X be a complex projective variety of dimension n, let f : P 1 → X be a morphism such that X is smooth along the image of f and let
Let V ⊂ Mor(P 1 , X) be an irreducible component. Define Locus(V ) as the set of points x ∈ X such that there is a morphism f with x ∈ f (P 1 ) and [f ] ∈ V . Locus(V ) turns out to be a (not necessarily closed) subvariety of X (see [23] , II 2.3). Theorem 2.12 is a key ingredient to prove the following Proposition 2.14 ( [23] , IV Theorem 2.7). Let X be a complex projective variety and V ⊂ Mor(P 1 , X) an irreducible component such that for the general [f ] ∈ V the image of f is contained in the smooth locus of X. Let f * T X ∼ = O P 1 (a 1 )⊕ ...⊕ O P 1 (a n ) and suppose that a i ≥ −1 for all i. Then
Fibrations
From now on we will assume k = C. By a fibration we mean a surjective morphism with connected fibres f : X → B from a projective nonsingular surface to a projective nonsingular connected curve. A fibration is said to be
• relatively minimal if there are no (-1)-curves contained in any of its fibres.
• semistable if it is relatively minimal and every fibre has at most nodes as singularities.
• non-isotrivial if all its nonsingular fibres are mutually isomorphic.
We will denote by g the genus of a general fibre and by b the genus of the base curve B. We will always assume g ≥ 2.
Sheaves of differentials will be denoted with the symbol Ω and dualizing sheaves with the symbol ω. Let f : X → B be any fibration. Since both X and B are nonsingular one has ∧ 2 Ω 1 X = ω X and Ω 1 B = ω B . Since f is a relative complete intersection morphism we have the equality (see [22] , Corollary 24)
There exists an exact sequence
(which is exact on the left because the first homomorphism is injective on a dense open set and f * ω B is locally free).
The following is a classical result of Arakelov in the semistable case, and it is due to Serrano in the general case (recall that we are assuming g ≥ 2):
If moreover f is relatively minimal then one also has that h 1 (X, T X/B ) = 0.
Proof. f is non-isotrivial if and only if f * T X = 0 ( [33] , Lemma 3.2). Since f * T X/B ⊂ f * T X one also has f * T X/B = 0, and the first equality immediately follows. For the second equality, see [1] or [34] in the semistable case and [32] , Corollary 3.6, in the general case.
Let f : X → B be a non-isotrivial fibration. Consider the exact sequence (6) and apply on it the left exact functor f * Hom. Since the sheaves f * Hom(Ω 1 X/B , O X ) and f * Hom(Ω 1 X , O X ) equal 0 by the proof of Theorem 2.15, one obtains the 4-terms exact sequence
(the sheaves Ext 2 f are all 0 because the fibres of f are 1-dimensional). Let us compute each of the terms in the sequence. Since ω B is invertible, Hom and pull-back commute and so f * Hom(f * ω B , O X ) = f * f * (T B ) = T B by the projection formula. By [24] , (3) p. 102 and the projection formula we have
We are interested in the sheaf Ext 1 f (Ω 1 X/B , O X ) because its cohomology describes the deformation theory of f (see Lemma 2.18). 
, O B ) so that in particular the first sheaf is locally free of rank 3g − 3.
Proof. This is just relative duality for the fibration f (see [22] , Corollary (24)), because 
If we define N Ψ f as the cokernel of the homomorphism κ f in sequence (8), we obtain two short exact sequences:
In case B ∼ = P 1 , from the cohomology sequence of (10) one obtains immediately
Analogously, from the same cohomology sequence tensorized by
Assume now that the fibration f is also semistable. To f we can associate a flat family of stable curves f ′ : X ′ → B, where X ′ is the surface obtained after contracting all the (-2)-curves in the fibres. Therefore we can associate to f ′ (and to f ) a modular morphism
to the moduli stack of stable curves of genus g. We know
Mg
, thus Lemma 2.16 gives
From (14) we are then allowed to interpret N Ψ f as the normal sheaf to the moduli map Ψ f .
If the fibration f is not semistable, we still have a non-empty open set U ⊂ B above which all fibres of f are semistable. Therefore we have an induced morphism U → M g ; since B is a nonsingular curve this morphism extends to a morphism
with values in the coarse moduli space. Now, assume the image of Ψ f to be contained in the smooth locus of M g . Then Ψ * f T M g is a locally free sheaf, which is isomorphic to Ψ * f T Mg , and we can think N Ψ f in sequences (10) and (11) as the normal sheaf to the map Ψ f with values in the coarse moduli space. Since we want to use the results contained in Subsection 2.2, which refer to rational curves on algebraic varietes, we will always consider the map Ψ f to have values in the coarse moduli space.
Deformations of fibrations and rational fibrations
Lemma 2.18 ([31], Lemma 2.1). Let f : X → B be a non-isotrivial fibration. Then there is a natural isomorphism
and both spaces are naturally identified with the tangent space of Def f /B , the functor of Artin rings of deformations of f leaving the target fixed.
Moreover
For a point b ∈ B such that the fibre X(b) is reduced, the homomorphism κ f : (8) induces a linear map:
which coincides with the Kodaira-Spencer map of the family f at b.
We will call rational fibrations the fibrations parametrized by P 1 . All examples of rational fibrations are obtained as follows. Let S be a projective nonsingular surface and let C ⊂ S be a projective nonsingular connected curve of genus g such that dim(|C|) ≥ 1. Consider a linear pencil Λ contained in |C| whose general member is nonsingular and let ǫ : X → S be the blow-up at the (possibly empty) set of its base points (including the infinitely near ones). We obtain a fibration f : X → P 1 defined as the composition of ǫ with the rational map S P 1 defined by Λ. We will call f the fibration defined by the pencil Λ.
Definition 2.20. Let f : X → P 1 be a fibration. Then one has
for some integers a i . f is said to be free if it is non-isotrivial and
is globally generated i.e. a i ≥ 0 for all i. f is said to be very free if it is non-isotrivial and a i ≥ 1 for all i.
The following proposition explains the relation between curves with general moduli and free fibrations: . Assume that C is a general (nonsingular) curve of genus g ≥ 3 moving in a positive-dimensional linear system on a projective nonsingular non-ruled surface S (see [30] , Definition 4.3). Then a general pencil Λ ⊂ |C| containing C as a member defines a free fibration. On the other hand, if there exists a free fibration f : X → P 1 in curves of genus g ≥ 3, then a general deformation of f has C as a fibre.
The following proposition relates the cohomology of the tensor product sheaves
with the cohomology of T X (kF ), which is easier to compute. Before, let us write down explicitly the low-degree terms exact sequence associated to the Leray spectral sequence for an arbitrary sheaf of abelian groups F on X (see [5] , cap. XV, Theorem 5.11):
, and let F be a fibre of f . Then
0 one has a 1 = 2 and a i ≤ 1 for i = 2, ..., 3g − 3.
Proof. Consider the exact sequence
obtained by tensorizing sequence (11) by
, hence from the cohomology sequence associated to (17) one gets
Again by (16) and by the regularity of X one has
from the cohomology sequence of the short exact sequence (10) tensorized by O P 1 (−2). Since the a i can be arbitrarily permuted, the last part of (ii) immediately follows.
Observe that equality (12) and (i) with k = 0 tell that the dimension of the space of first order deformations of f is bounded above by h 1 (T X ) + 3.
K3 surfaces
Definition 2.23. A polarized surface is a pair (S, L) where S is a surface and L is an ample line bundle on S. The polarization is called primitive if L is not linearly equivalent to nL ′ for some n > 1 and L ′ ∈ Pic(S).
The following proposition is a consequence of the analysis contained in the classical paper of Saint-Donat [29] .
Proposition 2.24. Let S be a smooth K3 surface such that Pic(S) = Z[L] for a globally generated line bundle L with L 2 > 2. Then L is very ample on S, dim |L| = g and there exists a positive integer g ≥ 3 such that L 2 = 2g − 2. In particular, the general element C ∈ |L| is a smooth, irreducible curve, of geometric genus g.
We will call g the genus of S. Let g ≥ 3 be any integer and let F g be the moduli stack parameterizing pairs (S, L), where S is a smooth K3 surface and L is a primitive polarization of genus g. F g is smooth, irreducible and of dimension 19 (see e.g. [3] , VIII Theorem 7.3). Moreover for a general pair (S, L) ∈ F g one has Pic(S) ∼ = Z[L], hence Proposition 2.24 applies and L embeds S in P g as a smooth, irreducible surface. A hyperplane section of S is a canonical curve of degree 2g − 2 in P g−1 . Let P g be the moduli stack parameterizing pairs (S, C), where S is a smooth K3 surface with a primitive polarization L of genus g and C ∈ |L| a stable curve of genus g. We have a surjective morphism of stacks
induced by the natural projection. Since the fibres of π g are irreducible, P g is an irreducible stack (see e.g. [15] , paragraph 3), of dimension 19 + g. The tangent space to P g at a pair (S, C) is H 1 (T S C ) (see e.g. [14] , Section 3). Let M g be the moduli stack of stable curves of genus g. We have a morphism of stacks c g :
. Define K g as the image of the morphism c g restricted to pairs (S, C) such that C is smooth, and K g as the closure of K g in M g . Since 19+g ≥ 3g −3 if and only if g ≤ 11, one could expect naively c g to be dominant exactly for these values of g. Actually the situation is not that simple.
Theorem 2.25. With notation as above:
(i) c g is dominant for g ≤ 9 and g = 11 (cf. [26] );
(ii) c g is not dominant for g = 10 (cf. [26] ). In particular K 10 is a divisor in M 10 (cf. [11] );
(iii) c g is generically finite onto its image for g = 11 and g ≥ 13, but not for g = 12 (cf. [27] ). In particular K 12 has codimension 3 in M 12
that is
If we denote by F g the general fibre of the morphism c g , it follows that
i.e. dim(F g ) is the expected one apart from the cases g = 10, 12. The following theorem states what happens if one drops the assumption that L generates the Picard group of the K3 surface, as it was in Proposition 2.24. (ii) if |L| contains a hyperelliptic curve, then φ is a generically 2-to-1 mapping of S onto a surface F of degree g − 1. F is one among P 2 and the Hirzebruch surfaces F n with n = 0, 1, 2, 3, 4. The branching curve belongs to the linear system | − 2K F |.
In the second case, |L| will be called a hyperelliptic linear system and S a hyperelliptic K3 surface (of genus g). The surfaces F n are the projective bundles P P 1 (O P 1 (n) ⊕ O P 1 ). Denote with H the class of the tautological line bundle O Fn (1) in Pic(F n ) and with F the class of a fibre. The following well-known properties hold: Proposition 2.28.
(ii) If n > 0 there is a unique irreducible curve B ⊂ F n with negative self-intersection.
B ∼ H − nF and B 2 = −n;
(iii) F n is minimal for n = 1. F 1 is isomorphic to the blow-up of P 2 at one point;
It is obvious that Pic(F n ) is generated by F and B as well. If S is a double cover of F = F n , the hyperelliptic linear system is
F + B , n = 0,
F + H , n = 0 and the g 1 2 is cut out by the elliptic pencil |E| where E . = φ * (F ). The pairs (S, L n ), with S → F n as above, define a substack A g,n ⊂ F g and the union of these is just the hyperelliptic substack of F g i.e. the substack parameterizing pairs (S, L) such that S is a hyperelliptic surface and |L| is the hyperelliptic linear system. It turns out that in a certain sense the double covers of F 2 and F 3 are degenerate cases of double covers of F 0 and F 1 (see [28] , Theorem 3.5 for a precise statement). As a consequence, if g is even, the hyperelliptic substack consists of the single component A g,1 , whereas if g is odd it has two components A g,0 and A g,4 . These components are in all cases of codimension 1 in F g i.e. they are 18-dimensional. Define D g,n ⊂ P g as the counterimage of A g,n by the projection π g . D g,1 , D g,0 and D g,4 are (18+g)-dimensional substacks of P g .
Blow-ups of surfaces
The following proposition will be used in the sequel to relate the cohomology of T X with that of T S : Proposition 2.29. Let S be a smooth projective surface and ǫ : X → S a blow-up of S at points p 1 , ..., p k . Let E i . = ǫ −1 (p i ) be the exceptional divisors and let E . = i E i . Then there is a short exact sequence
Proof. By [30] , Example 3.4.13 (iv), the normal sheaf N ǫ is isomorphic to O E (−E). Proof. By [6], 1.1, one has ǫ * O X = O S and R j ǫ * O X = 0 for all j ≥ 1. Let n be a nonnegative integer and consider the exact sequence
Since ǫ * O E ((n + 1)E) = 0 for all n, by induction one gets the first statement. Consider the exact sequence
Lemma 2.31. Notation as in Proposition 2.29, let C ⊂ S be a curve such that p 1 , ..., p k are smooth points of C and let F be the strict transform of C under ǫ :
Proof. From the cohomology sequence associated to the exact sequence
3 The Kodaira-Spencer map of a fibration Proposition 3.1. Let f : X → B be a non-isotrivial fibration with reduced fibres and such that h 0 (T X |F ) = 0 for all smooth fibres of f . Then N Ψ f is locally free.
Proof. By the exact sequence (10), the fact that N Ψ f is locally free is equivalent to the injectivity (i.e. to the non degeneracy), for all b ∈ B, of the evaluation map κ f (b), which by Proposition 2.19 is nothing but the Kodaira-Spencer map of the family f at b. Let F = X(b) be a singular fibre of f . Since F is reduced, by Remark 2.6 κ f (b) is injective if and only if the sequence
does not split for some first order deformation F of F obtained as the pull-back over
by some vector v ∈ T b B. This is in turn implied by the nonsplitting of the sequence
which is obvious since Ω 1 F is not locally free. Let now F = X(b) be a smooth fibre and consider the exact sequence
H 0 (N F/X ) is the tangent space at [F ] to Hilb X (F ) ∼ = B, hence it can be identified with the tangent space T b B and the first coboundary map of the associated cohomology sequence is exactly the Kodaira-Spencer map of the family f at b:
Being H 0 (T X |F ) = (0), the map κ f (b) must be injective. This completes the proof.
Remark 3.2. If f is a stable fibration then h 0 (T X |F ) = 0 for all singular fibres F .
Proof. Let F be a singular fibre of f and consider the exact sequence
where N ′ F/X is the equisingular normal sheaf of F in X. Since the fibration is stable, h 0 (T F ) = 0 (cf. [21] , p. 181). Moreover, since N ′
.., p δ are the nodes of F , one has h 0 (N ′ F/X ) = 0. The cohomology sequence of (23) gives the statement.
As a consequence, if the fibration is stable and h 0 (T X |F ) = 0 for all smooth fibres of f , then h 0 (T X |F ) = 0 for all fibres of f . In particular this value does not depend on the fibre. In the particular case B ∼ = P 1 , the linear equivalence of the fibres can be used to prove the following useful: Proposition 3.3. Let f : X → P 1 be a non-isotrivial fibration such that h 0 (T X |F ) does not depend on the fibre. Then R 1 f * T X is locally free. In particular N Ψ f is locally free.
Proof. Being T X f -flat we can apply [20] , III Corollary 12.9, which tells that R 1 f * T X is locally free if h 1 (T X |F ) does not depend on the fibre. Since all fibres are linearly equivalent, the cohomology sequence associated to the short exact sequence
shows that h 0 (T X |F ) − h 1 (T X |F ) does not depend on the fibre, thus R 1 f * T X is locally free. By sequence (11) , N Ψ f is locally free too.
It is easy to construct an example of a fibration f ′ such that N Ψ f ′ is not locally free. Consider a non-isotrivial rational fibration f with reduced fibres and the
where g is a double covering of P 1 and X ′ is the fiber product. Suppose that g is branched over points q 1 , q 2 such that X(q i ) is smooth, so that X ′ is smooth. Let Ψ f ′ : P 1 → M g be the modular morphism associated to f ′ . One has dΨ f ′ (q i ) = κ f ′ (q i ), where κ f ′ (q i ) is the Kodaira-Spencer map of the family f ′ at q i . On the other hand Ψ f ′ = Ψ f • g by construction, hence dΨ f ′ (q i ) is degenerate. By the first part of the proof of Proposition 3.1, N Ψ f ′ cannot be locally free at q i . 
Proof. The first part of the statement is obvious since N F/X ∼ = O F . By the proof of Theorem 2.15 one has h 0 (T X ) = 0, thus κ f (b) is injective if and only if γ is injective. By construction, p is the map sending a (isomorphism class of a) first order deformation of the pair (X, F ) to the corresponding first order deformation of F . Hence the image of ξ in H 1 (T X F ) is the subspace parameterizing isomorphisms classes of first order deformations of (X, F ) inducing trivial first order deformations of F . The map α sends a first order deformation F ′ of F into the isomorphism class (X, F ′ ).
Since the diagram is commutative, γ is injective if and only if β • ξ is, i.e. if and only if im(α) ∩ im(ξ) = (0).

Functors of Artin rings associated to a rational fibration defined by a linear pencil
Let S be a smooth projective surface and let C ⊂ S be a connected nonsingular curve moving in a positive-dimensional linear system. Let f : X → P 1 be the rational fibration defined by a linear pencil in |C|. Let A ∈ Ob(A), let C 1 , C 2 ∈ |C| and let h i : C i ֒→ S be their closed embedding. A deformation of the 3-tuple (S, C 1 , C 2 ) over A is defined to be a cartesian diagram
where Ψ and Ψ • H i are flat. Define the functor of Artin rings Def
isomorphisms classes of locally trivial deformations of (S, C 1 , C 2 ) over A .
This functor admits a semiuniversal formal deformation. The proof of this fact is identical to the one given in the case of pairs in [30] , Theorem 3.4.17. In particular, there is a well-defined tangent space to the functor, the space Def
). Let F 1 , F 2 be two fibres of f and let j i : F i → X, i = 1, 2 their closed embedding. In an analogous way one can define the functor of Artin rings Def
isomorphisms classes of locally trivial deformations of (X, F 1 , F 2 ) over A .
where Ψ, Ψ • F and F • J j are flat. Define the functor of Artin rings Def
isomorphisms classes of locally trivial deformations of (f, F 1 , F 2 ) over A .
In order to prove that Def
) has a structure of vector space one has to prove that the functor Def ′ (f,F 1 ,F 2 ) satisfies conditions H 0 and H ǫ of Schlessinger's theorem (see [30] , Theorem 2.3.2). Condition H 0 is obviously satisfied. From the fact that the functors Def Lemma 4.1. Notation as above, suppose that X is a regular surface. Then one has Def
Proof. Consider the forgetful map β : Def
. Being X regular, by Theorem 2.2 one has P λ 0 (k[ǫ]) = H 1 (X, O X ) = (0), thus for every first order deformation
of (X,
i.e. F 1 and F 2 are linearly equivalent in Div(X ). Consequently, (28) is the image of some first order deformation of (f,
is surjective. The kernel of dβ parametrizes isomorphisms classes of locally trivial first order deformations of f leaving the domain, the target and the two fibres F 1 , F 2 fixed, thus by [30] , Proposition 3.4.2, it is isomorphic to H 0 (f * T P 1 ). Theorem 4.2. Notation as above, let S be a regular surface, let F i be the strict transform of C i , i = 1, 2, in the blow-up ǫ : X → S and let C 1 = C 2 . Then there is an equivalence of functors of Artin rings between Def ′ (X,F 1 ,F 2 ) and Def
Proof. Consider the map of functors of Artin rings γ : Def
defined in the following way. Let A ∈ ob(A), let ξ A ∈ Def ′ (X,F 1 ,F 2 ) (A) having as representative a deformation
By Example 2.10 the exceptional divisors E 1 , ..., E k of the blow-up ǫ are stable, thus for all i = 1, ..., k every infinitesimal locally trivial deformation of X is induced by an infinitesimal locally trivial deformation of the embedding e i : E i ֒→ X.
Hence (29) induces a deformation of the morphism ǫ
which is in particular a deformation of S. One defines γ A (ξ A ) as the element having as representative the deformation
where h i : ǫ(F i ) ֒→ S, i = 1, 2, is the embedding. For all morphisms A → B, A, B ∈ ob(A) one has that the diagram
is commutative, hence γ is a well-defined map of functors. Let us define an inverse for γ, say γ ′ . Let µ A ∈ Def
and let Z . = {p 1 , ..., p k } be the zero-dimensional subscheme of S whose points are the base points of the pencil spanned by C 1 and C 2 . Being S regular, C 1 and C 2 are linearly equivalent in S, thus µ A induces a deformation of (S, Z) over A giving a deformation of ǫ :
One defines γ ′ (µ A ) as the element having as representative the deformation
where C i is the strict transform of C i and j i : C i ֒→ X, i = 1, 2 is the embedding. γ ′ is a well-defined map of functors and by construction γ and γ ′ are inverse of each other, hence there is a natural equivalence between Def ′ (X,F 1 ,F 2 ) and Def
The main theorem
Let (S, L) be a smooth primitively polarized K3 surface of genus g ≥ 3. Consider a non-isotrivial linear pencil Λ ⊂ |L| whose general element is nonsingular. By Proposition 2.24 the curves of Λ intersect in 2g − 2 points p 1 , ..., p 2g−2 . Let ǫ : X → S be the blow-up at p 1 , ..., p 2g−2 . The rational fibration f : X → P 1 in curves of genus g defined by Λ will be called a K3-type fibration (of genus g). By a general K3-type fibration we mean a K3-type fibration f such that (S, L) is a general element of F g and moreover the pencil Λ is general as a line in |L| ∼ = P g . In this case Λ is a Lefschetz pencil i.e. every singular curve in Λ is irreducible with one node and no other singularities, thus f is a stable fibration.
Proposition 5.1. Let f be a K3-type fibration induced by a linear pencil whose elements are irreducible curves with at most ordinary nodes. Then N Ψ f is locally free.
Proof. Being (S, L) a primitive polarization, all fibres of f are reduced. By Proposition 3.1 it is then sufficient to show that h 0 (T X |F ) = 0 for any smooth fibre F . Consider the inclusion of sheaves 0 → T X ֒→ ǫ * T S and restrict it to the fibre F , which is the strict transform of a curve C ⊂ S which is smooth or nodal. Applying the left exact functor ǫ * we obtain h 0 (T X |F ) ≤ h 0 (ǫ * (ǫ * T S |F )) = h 0 (T S |C ). Since h 0 (T S |C ) = 0 by the proof of [8] , Proposition 1.2, h 0 (T X |F ) must be zero.
In particular this holds for a general K3-type fibration.
Proposition 5.2. Let f : X → P 1 be a K3-type fibration of genus g. Then one
In particular deformations of f are unobstructed.
Proof. Notation as in Theorem 4.2, let (S, L) be a primitively polarized K3 surface of genus g and let C 1 , C 2 be general elements in Λ,
be the forgetful map and consider its differential dα : Def
, which is surjective. The kernel of dα is the vector space parameterizing isomorphisms classes of locally trivial first order deformations of (S, C 1 , C 2 ) which induce trivial first order deformations of the pair (S, C 1 ). Hence its dimension is the dimension of the image of the Kodaira-Spencer map κ :
, which is g since κ is injective by [8] , Proposition 1.2. Since Def In the end consider the forgetful map η : Def
The kernel of the (surjective) differential dη is isomorphic to the image of the Kodaira-Spencer map κ ′ :
The unobstructedness follows from Lemma 2.18.
Proposition 5.3. Let f be a general K3-type fibration of genus g. Then f is free if and only if g ≤ 9 or g = 11.
Proof. By construction, the stability of the E i (see Example 2.10) and Proposition 5.2, a (small) deformation of a K3-type fibration f of genus g is again a K3-type fibration (of the same genus). Using Theorem 2.25 one can then conclude that there are no deformations of f having as fibre the general curve of genus g for g = 10 or g ≥ 12, hence in these cases f is not free by Theorem 2.21.
On the other hand, if g ≤ 9 or g = 11 then the linear system |L| contains the general curve C of genus g, again by Proposition 2.25. Thus the general pencil Λ ⊂ |L| defines a free fibration by Proposition 2.21.
Let f be a K3-type fibration of genus g. Consider the short exact sequence (see (11) 
Let F be a fibre of f . We have that h 1 (F, O F ) = g and thus by [20] , III Corollary 12.9, R 1 f * O X is a locally free sheaf of rank g. From sequence (16) one obtains the
, from which
By Serre and Hodge duality one has that
Being f non-isotrivial, one has h 0 (T X ) = 0 by Theorem 2.15. Moreover the cohomology sequence of the short exact sequence (19) , combined with sequence (16) and Proposition 2.30, gives h 2 (T X ) = h 2 (T S ) = 0. By Riemann-Roch formula one has
and then h 1 (T X ) = 16 + 4g. By sequence (16) one has h 0 (R 1 f * T X ) = 16 + 4g and h 1 (R 1 f * T X ) = 0. The cohomology sequence associated to (36) is then
One can compute χ(N Ψ f ) = 2g + 17 using this cohomology sequence or equality (9) combined with equality (12) . The following lemmas lead us to compute the cohomology of T X (−F ) and T X (−2F ), which is related to our problem by Proposition 2.22.
Lemma 5.4 ([9], Lemma 4)
. Let C be a general hyperplane section of a general primitively polarized K3 surface of genus g ≥ 6.
Lemma 5.5 ( [7] , Lemma 2.4). Let C be a reduced and irreducible, not necessarily smooth, degenerate canonical curve in P g , of arithmetic genus g. Let X C be the cone over C from a point in P g off the hyperplane in which C sits. For all i ≥ 0, one has
Lemma 5.6. Let (S, L) be a general primitively polarized K3 surface of genus g and C be a general curve in |L|. Then one has
(38) and h 1 (T S (−2C)) = 0 for all g ≥ 7.
Proof. The cohomology sequence associated to the exact sequence 0 → T S (−C) → T S C → T C → 0 writes as
where dc g is the tangent map to the morphism c g at (S, C) (see [4] , Section 5). Since the fibre F g of c g over [C] is reduced, one has h 1 (T S (−C)) = dim F g . Theorem 2.25 then gives the first part of the statement. Let g ≥ 7. By the cohomology sequence associated to the exact sequence
Let X C be as in Lemma 5.5. Since S is projectively Cohen-Macaulay, it flatly degenerates to X C (see [7] , Lemma 2.3), thus one has h 0 (N S/P g (−2)) ≤ h 0 (N X C /P g (−2)) by upper semicontinuity. On the other hand h 0 (N X C /P g (−2)) = 0 by Lemma 5.5 and Lemma 5.4.
One has H 0 (T P g |S (−2)) = (0) by the Euler sequence restricted to S and tensorized by O S (−2). The same sequence tensorized by O S (−1) gives
Now, h 1 (O S ) = 0 and the map a is injective by duality and the projective normality of S (see [25] , Proposition 2), thus
and one has that h 1 (T P g |S (−2)) = 0 if and only if H 0 (T P g |S (−1)) ∼ = H 0 (T P g |C (−1)). h 0 (T P g |S (−1)) = g +1 holds by sequence (39). Consider the Euler sequence restricted to C and tensorized by O C (−1)
One has that h 0 (T P 10 |C (−1)) = g + 1 if and only if the cohomology map α :
if and only if its dual
is surjective. It is then sufficient to show that the cup-product map
is surjective, but this is true by Noether's theorem (see e.g. [2] , p. 117), hence h 1 (T P g |S (−2)) = 0.
Remark 5.7. Note that h 0 (T P g |S (−2)) = h 1 (T P g |S (−2)) = 0 for every g ≥ 3 (not only for g ≥ 7).
Lemma 5.8. Let f : X → P 1 be a general K3-type fibration of genus g and let F be a fibre. Then
( 40) and h 1 (T X (−2F )) = 0 for all g ≥ 7.
Proof. For the first part, one has χ(T S (−C)) = χ(T S ) − χ(T S |C ) = 2g − 22. From Lemma 5.6 one gets
and Lemma 2.31 gives the statement. Let C 1 , C 2 be general curves in |L|. Under the assumptions of Theorem 4.2 one has im(α) ∼ = im(β) in the commutative diagram
thus ker α ∼ = ker β.
and the first row of diagram (41) coincides with the cohomology sequence of (2) at the H 1 -level
In particular ker α ∼ = H 1 (T X (−2F )). Now consider the cohomology sequence
Since Def
, one has ker β ⊆ H 1 (T S (−2C)) = 0, where the last equality follows from Lemma 5.6. Proposition 5.9. Let f be a general K3-type fibration of any genus. Then Ψ f is contained in the smooth locus of M g .
Proof.
For low genera the statement can be proved with a straightforward adaptation of the proof of [11] , Lemma 3.4, which refers to g = 10. If the morphism c g is dominant, which happens for 3 ≤ g ≤ 9 and g = 11, then the statement follows from the fact that there are no irreducible components of the singular locus of M g of codimension 1 (see [18] , pp. 53-54). Hence we can assume the result for g ≤ 11.
Let S be a general hyperelliptic K3 surface of genus g and let |L| be the hyperelliptic linear system. It is sufficient to prove that there is a linear pencil P ⊂ |L| which consists entirely of curves having no automorphisms apart from the hyperelliptic involution. Indeed, if this is the case, the polarized surface (S, L) can be deformed to a polarized non-hyperelliptic surface (S ′ , L ′ ) having a pencil P ′ ⊂ |L ′ | consisting entirely of curves without automorphisms. In the following we refer to the notation of Section 2.5. Let H g ⊂ M g be the hyperelliptic locus and let L g ⊂ H g be the locus consisting of hyperelliptic curves with extra automorphisms. Let k be the dimension of the locus in |L| parameterizing smooth hyperelliptic curves with extra automorphisms. We want to show that k ≤ g − 2, so that the general pencil P ⊂ |L| does not contain smooth curves with extra automorphisms. Let g be odd, let D g,0 as in the definition, and let D ′ g,0 ⊂ D g,0 be the substack parameterizing pairs (S, C) such that C is smooth and has extra automorphisms. Since L g has dimension g (see [17] ), each fibre c −1
Let (S, L) be a general hyperelliptic K3 surface in A g,0 , let φ . = φ |L| : S → F 0 = P 1 × P 1 be the double cover ramified over a curve G ∈ |4F + 4H| and let C ∈ |L|. We want to show that c −1
One has dim c −1
) since the tangent space to the fibre c −1
The elliptic pencil |E| defines a rational fibration ϕ . = ϕ |E| : S → P 1 . Consider the short exact sequence
One has ϕ * ω P 1 (C) ∼ = O S (C − 2E) and C − 2E is linearly equivalent to g−5 2 E + φ * H, which is big and nef (for g ≥ 7), hence by the Kawamata-Viehweg vanishing theorem one has the exact sequence
and
Since |F | has no singular curves, the singular curves of |E| are pull-backs by φ of curves in |F | which are simple tangent to the branch divisor G (because G is general), thus the fibration ϕ is semistable. We then have a short exact sequence
where N is a torsion sheaf supported on the set of 24 = 12χ(O S )−K 2 S singular points q 1 , ..., q 24 of the singular fibres of ϕ and having stalk C at each of them. Sequence (43) gives
By equality (5) one has ω S/P 1 (C) ∼ = ω S ⊗ ϕ * ω
One can again apply Kawamata-Viehweg on O S (C + 2E) and obtain h 0 (O S (C + 2E)) = χ(O S (C + 2E)) = g + 5.
Let i = min g+3 2 + 1, 24 . Since G is general, there is a reducible curve A ∈ g+3 2 F + H ⊂ P 1 × P 1 , of the form
+ H, which separates the points φ(q 1 ), ..., φ(q i ), thus the curve φ * A ∈ |C + 2E| separates the points q 1 , ..., q i and so q 1 , ..., q 24 impose at least i conditions to the linear system |C + 2E|. In particular for g ≥ 11 they impose at least 8 conditions, hence isomorphism (44) gives
as we wanted. A similar argument yields the same property if g is even. In this case the role of A is played by a reducible curve of the form
In this way we have proved that a general pencil P on a general hyperelliptic K3 surface does not contain smooth curves having extra automorphisms apart from the hyperelliptic involution. We have to prove that the same is true for the singular curves in P. Note that singular curves in the linear system is g is even) are all reducible, hence singular irreducible curves in |L| are pull-backs of curves which are tangent to the branch divisor G. Since G is general, the general tangent curve to G has only one (simple) tangency point, thus singular irreducible curves in P must have one ordinary node and no other singularities. An automorphism of such a curve can be seen as an automorphism of its desingularization, which is a smooth curve of genus g − 1, fixing (as a set) the counterimages of the singular point. Hence the locus of irreducible 1-nodal hyperelliptic curves with extra automorphisms has dimension less or equal than dim(L g−1 ) = g − 1. However, P could contain also hyperelliptic reducible curves which are pull-backs of connected reducible curves. Fix a (general) hyperelliptic reducible curve C of this kind. C = C 1 ∪ C 2 ∪ ... ∪ C l , where C i are irreducible hyperelliptic curves. Being C general, one has C i = C j for i = j, thus an automorphism of C is a l-tuple (γ 1 , ..., γ l ), where γ i is an automorphism of C i fixing (as a set) the intersection points of C i with each other component C j . Since C is the pull-back of a connected curve, each component C i has to intersect at least one other component in at least two points. Since p a (C) = g one has that
Using this fact, one finds again that c g ([C]) belongs to a locus of dimension less or equal than g − 1 in M g . In conclusion, if k is the dimension of the locus in |L| parameterizing singular hyperelliptic curves with extra-automorphisms, applying the same argument of the smooth case, one finds again k ≤ g − 2, hence singular curves in P have no extra automorphisms. This completes the proof.
Let f be a K3-type fibration of genus g. It is easy to see that the number of negative summands in the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) is greater or equal than the codimension of the locus K g in M g . For g ≤ 9 and g = 11 the statement is obvious as K g is a nonempty open set of M g . For the remaining cases consider the exact sequence (17) with k = −1:
By (37) one has
From Lemma 5.8 one has
(47)
On the other hand by Proposition 5.2 all the negative a i equal -1, hence h 1 (N Ψ f (−1) ) is exactly the number of negative a i , while the values in the right term are exactly the codimensions of K g in M g , as given by (18) . Although deformations of f are unobstructed, the number of negative summands in the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) could be strictly greater than the codimension of the locus K g in M g . The following proposition proves that this is not the case if f is a general K3-type fibration:
Proposition 5.10. Let f be a general K3-type fibration of genus g. Then the number of negative summands in the splitting of Ext 1
Proof. As has been just pointed out, the codimension of K g in M g is 0 for g ≤ 9 or g = 11. By Proposition 2.21 f is free for these genera. For the remaining cases, by Proposition 5.9 one has that M g is smooth along the image of Ψ f for f general, thus Ψ * f T M g is locally free and isomorphic to Ext 1
Moreover by Proposition 5.2 one has H 1 (Ψ * f T M g ) = (0), thus V is generically smooth, [Ψ f ] is a general point of V and Proposition 2.14 can be applied. Since dim Locus(V ) = dim K g the statement follows.
We now have all the informations to explicitly write down the splitting of the locally free sheaves Ext 1
Theorem 5.11. Let f be a general K3-type fibration of genus g ≥ 7. Then
Proof. Proposition 5.2 gives h 0 (Ext 1 f (Ω 1 X/P 1 , O X )) = 2g + 20 and moreover tells that all the negative a i equal −1. Proposition 5.10 gives the number of negative summands. Proposition 2.22 applied to Lemma 5.8 gives that there is only one summand a i ≥ 2 and it equals 2. These facts uniquely determine the splitting type of Ext 1 f (Ω 1 X/P 1 , O X ).
Lemma 5.12. Let α :
j=1 O P 1 (c j ) be a morphism of locally free sheaves over P 1 . If c h < min i {a i } for some h then im(α) = 0 on O P 1 (c h ).
Proof. The morphism α induces componentwise morphisms α j over each summand O P 1 (c j ). If c h < min i {a i } then Hom(
has not global sections and thus im(α h ) = 0, that is im(α) = 0 on O P 1 (c h ).
Corollary 5.13. Let f be a general K3-type fibration of genus g. Then sequence (10) splits i.e. Ext 1 f (Ω 1 X/P 1 , O X ) ∼ = O P 1 (2) ⊕ N Ψ f . Proof. If g ≤ 9 then f is free and so using Lemma 5.12 on sequence (10) one obtains b i ≥ 0 for all i. Hence we have
by (37), and sequence (10) must split. Let then g ≥ 10. Proposition 5.2 and equations (12) and (13) give h 0 (N Ψ f ) = 2g + 17, h 1 (N Ψ f ) = 0 and h 1 (N Ψ f (−1)) = h 1 (Ext 1 f (Ω 1 X/P 1 , O X )(−1)). Moreover, by Proposition 2.22 one has b i ≤ 1 for all i. These facts and Theorem 5.11 uniquely determine the splitting of N Ψ f . The statement follows.
6 Geometric interpretation of Theorem 5.11
Lemma 6.1. Let f : X → P 1 be a non-isotrivial fibration of genus g defined by a linear pencil Λ ⊂ |C| ⊂ S such that the curves in Λ are smooth at the base points. Assume that the image of Ψ f is contained in the smooth locus of M g . Let U ⊂ |C| be the open set where the moduli map µ : U → M g is defined. If µ is generically finite then there is an inclusion O P 1 (2) ⊕ O P 1 (1) ⊕ dim |C|−1 ֒→ Ext 1 f (Ω 1 X/P 1 , O X ).
Proof. Let l be the line corresponding to Λ in the projective space P dim |C| ∼ = |C|. Since µ is generically finite and µ |l = Ψ f (by definition and the fact that the curves in Λ are smooth at the base points) one has
The inclusion of locally free sheaves in Lemma 6.1 induces an inclusion of the spaces of global sections
which admits a nice geometrical interpretation. Indeed H 0 O P 1 (2) ⊕ O P 1 (1) ⊕ dim |C|−1 can be seen as the vector subspace of Def ′ f (k[ǫ]) parameterizing first order deformations of the morphism f obtained by keeping S fixed and varying the linear pencil Λ inside |C|. In the case of general K3-type fibrations, one has that µ is generically finite by Theorem 2.25, thus Lemma 6.1 applies. The inclusion in the lemma is not as a direct summand for every genus g, but it is if g ≥ 7 (see Theorem 5.11). In other words, the first g summands in the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) for g ≥ 7 can be interpreted as those "coming from" deformations of f inducing a trivial deformation of the surface S. In the cases g = 7, 8, 9, 10, 12 there are more summands of the type O P 1 (1) in the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) and their number equal the dimension of the general fibre of the morphism c g . In conclusion, also keeping in mind Proposition 5.10, the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) for g ≥ 7 can be restated as follows: Theorem 6.2. Let f be a general K3-type fibration of genus g ≥ 7, let a g be the dimension of the general fibre of the morphism c g , and b g the codimension of K g in M g . Then
⊕(g−1) ⊕O P 1 (1) ⊕ag ⊕O ⊕(2g−3−ag −bg ) P 1 ⊕O P 1 (−1) ⊕bg .
One can consider the vector space H 0 (Ext 1 f (Ω 1 X/P 1 , O X )(−1)), which is the subspace of H 0 (Ext 1 f (Ω 1 X/P 1 , O X )) parameterizing first order deformations of f inducing trivial deformations on a fixed fibre F = f * O P 1 (−1). From Theorem 6.2 one has h 0 (Ext 1 f (Ω 1 X/P 1 , O X )(−1)) = 2 + (g − 1) + a g . The first summand is the number of parameters counting automorphisms of P 1 keeping a point fixed, the second is the number of parameters counting lines in |C| ∼ = P g passing through a fixed point, the third is the number of parameters counting K3 surfaces containing a curve isomorphic to F . Remark 6.3. Theorem 6.2 shows that, for g = 7, 8, 9, 11, the morphism Ψ f is a socalled minimal free morphism. Given a projective variety X of dimension n and a free morphism h : P 1 → X whose image is contained in the smooth locus of X, h is said to be minimal if the splitting of h * T X is:
for some integer r. The number r + 1 equals the dimension of the subvariety of X swept out by deformations of h passing through a fixed general point of X (see [12] , p. 93).
Note that for g ≤ 6 the rank of Ext 1 f (Ω 1 X/P 1 , O X ), which is 3g − 3, is too small with respect to the dimension of the space of global sections, which is 2g + 20, hence more summands of the kind O P 1 (a i ), a i ≥ 2, must appear in the splitting of Ext 1 f (Ω 1 X/P 1 , O X ) and the structure shown in Theorem 6.2 is lost. Moreover Ψ f is not a minimal morphism any more.
